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Surface Pressure

In Ref. 1 an estimate is made of the surface pressure dis-
tribution along the plate. Mention will be made here only of
the rather surprising similarity of the results obtained to those
of Oguchi6 based on a nonlinear approximation and to the
fact that the governing parameter is £ = Rex/M2, in agree-
ment with Oguchi ?s results and the general argument made
recently by Talbot.7
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Integral Solution for Compressible
Laminar Mixing

JAMES E. HUBBARTT*
Hayes International Corporation, Birmingham, Ala.

A$ exact solution for laminar mixing of a compressible fluid
with Prandtl number one and a viscosity temperature

relationship of the form u ̂  Tw was obtained by Chapman in
Ref. 1. This note considers the solution of this problem using
the approximate integral technique. The integral solution
is of considerable interest since its simplicity commonly affords
additional flexibility, although possibly at the expense of ac-
curacy and uncertainty.

The differential equation of motion for similar solutions is1

du*
(1)

where

T* and u* represent the temperature and velocity nondimen-
sionalized by the freestream values (represented by the sub-
script e), and \l/ is the stream function. The energy equation
for Prandtl number one and adiabatic conditions (although
adiabatic flow has been assumed the inclusion of heat trans-
fer would not introduce any additional complication) is

T* = 1 -f 7- 1
2 (2)

The boundary conditions for a free layer with a dear-air en-
vironment are

at y =

y = —

u* = I
(3)

= 0
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Chapman and others (e.g., Lykoudis in Ref. 2) have associated
y — — o° with f = — co. It is not immediately clear that
f -*• — 0°, since u* —> Q as y —*- — °°, resulting in an indeter-
minant expression. In fact, as will be illustrated, the velocity
distribution is such that f actually approaches a finite limit.
This conclusion is also indicated by the velocity distributions
obtained by Chapman.

In order to establish profile approximations required for an
integral solution, it is desirable to first consider the series
solution of Eq. (1) for large negative values of y. Assume f
approaches a limit — f n, and express f by

f = -fn + Af = -fn(l - e) (4)

where e is small for f near f n. Introducing Eq. (4) into Eq.
(1) gives

du*
de

du*
de

(5)

First, for simplicity, assume co = 1.0. Equation (5) can first
be solved by neglecting the last term for e <<C 1.0 and using
the boundary condition, u* = O a t e = 0. This first-order
result then can be employed to approximate the last term for
a higher-order solution. This approach can be continued to
obtain the solution to any desired order. The result obtained
after four iterations is

Mo* = £L (€ - Q.25e2 + 0.01389e3 + O.OOlTe4 + O.OOOle5)
2i

(6)
The subscript 0 is used to refer to this solution of the outer
region of the viscous layer. The solution converges very
rapidly over the entire range from 0 < c < 1.0. [This solu-
tion could more conveniently be obtained directly from Eq.
(1) by assuming a power series solution. However, the
formal solution clearly indicates the appropriate type of series
required.] Clearly, Eq. (6) shows that, if fn is allowed to
become large, u* will correspondingly become large (exceed-
ing an upper limit of 1.0 demanded by the boundary condi-
tion as y —> oo) even for small values of e, thus precluding
the possibility that f „ —>• oo. In principle, the exact value of
f „ must be determined by invoking the boundary condition
that u* -> 1.0 as e —>- oo. However, the series of Eq. (6) does
not converge sufficiently rapidly for large values of e to per-
mit a direct evaluation of f„. Chapman's results of Ref. 3 in-
dicate that fn = 1.233. The values of u* given by Eq. (6)
with fn = 1.233 show excellent agreement with those of Ref.
3 over the range from 0 < u* < 0.90 (i.e., - f» < f < 1.5).

A series solution of Eq. (1) for co ̂  1.0 can be generated in
exactly the same manner by introducing T* as given by Eq.
(2). It was convenient, however, to simply introduce a power
series solution similar to Eq. (6) and then evaluate the unde-
termined coefficients by Eq. (1). Integrating Eq. (1) twice
gives [after incorporating Eq. (2) ]

where

f € [ f e d u * ] d e ( 7 )j o

-4 = (l + ̂  ».')-'

E_
i + [(7 - i)/2]

The second term of Eq. (7) can be expanded in a Taylor's
series and then the assumed power series solution introduced
to evaluate the undetermined coefficients. The resulting
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Table 1 Velocity profile parameters 10r

r x io2

0
-2
-3
-4
-6
-8

0.757
0.764
0.771
0.777
0.784
0.796

0.580
0.581
0.582
0.583
0.585
0.588

0.330
0.328
0.325
0.322
0.320
0.315

velocity distribution in the outer region of the shear layer to
seventh order in e is

u* = - 0.25e2 + (0.01389 + 1.3333IV
(0.0017 - 1.0833 IV + (0.0001 + 0.3428F +

5.3333r2)e5 - (0.0462F + 7.2222FV +
(0.0034r + 3.5507F2 + 28.4445r3)e7] (8)

wnere

r =
Obviously, the power series representation of UQ* becomes
more difficult for co ̂  1.0 (since T* ~ u*2). However, for
co near unity, F is small. For co = 0.76 and Me = 5.0, the
velocity distribution given by Eq. (8) for 0 < e < 1 again
agrees extremely well with the results of Chapman1 if the cor-
rect f» is introduced. Any degree of accuracy could be ob-
tained by continuing to higher-orders of approximation.

Equation (8) was employed to represent the velocity pro-
file in the outer region of the viscous layer. In order to com-
plete the solution for the free-layer development by the in-
tegral technique, it is necessary to match this outer solution
with an approximation of the velocity profile in the inner
region (0 < f < °°). The inner region was represented by
the simple series

Ul*

1 - 1(1 - UD*)( 1 - A |r (9)
which satisfies the boundary conditions

i* = 1 and -r—«£ = 0 at f - f 8

f 5 is taken as the effective inner boundary of the free layer,
UD* is the value of u* at f = 0, and A = f n/f 5. I^D* and A of
Eq. (9) were related to the constants of Eq. (8) [(l/A)(fn/2)
and F] by matching the velocity and its first derivative at
f = 0. These velocity profiles were then inserted into
integrated momentum equation to evaluate the unknown fn
for any T and A. The integrated momentum equation is
(expressing the momentum at any x in terms of the initial
momentum)

JO * J fn,

The solution of Eq. (10) after introducing u-* and UQ* gives
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Fig. 2 Comparison of velocity profiles (co — 0.76 and Me =
5.0).

the results tabulated in Table 1. These results establish
the velocity profiles as well as fn, UD*, and X for specified
values of Me and co (near unity). A comparison of the veloc-
ity distribution expressed by these results with those of Ref. 1
is shown in Fig. 1 for co = 1.0 (any Me) and in Fig. 2 for co =
0.76 and Me — 5.0. The agreement is good in both cases.
The velocity UD* at f - 0 is 0.580 for co - 1.0 and 0.583 for
co = 0.76 as compared with values of 0.587 and 0.597 in Ref.
1. It appears to the author that perhaps Chapman's value of
0.587 may not be accurate to the third place as indicated,
since his velocities in the outer region deviate from those
given by Eq. (6) even though both solutions begin at es-
sentially the same f „.

Figure 3 shows the variation in fn with Me for several
values of co as evaluated from the results of Table 1. The
variation in fa would be similar since X does not change sub-
stantially (Table 1). These results indicate the possibility
of a substantial effect of co on the pressures in base regions
where a net gas outflow or inflow exists. This effect can be
readily computed. For no net outflow or inflow, however,
co would have little effect, since UD* is essentially constant.

Lykoudis2 considered the possibility of introducing a
Reynolds number effect on UD* at the neck of the wake in base
regions by assessing the necessary adjustment in the boundary
condition at the outer edge of the viscous layer. He assumed
that fn -> oo, but essentially showed by an approximate
analysis that u* is near zero at fn > 3.0. It appears that his
conclusions are essentially correct even though f„ is always
considerably less than 3.0. His empirical relation for the
neck height yn can be rearranged to give

Vn(ue/xv)112 = 40/(r cos/3)1/2
(U)

where ft is the wake angle and r is the ratio of the distance of
the neck back from the base divided by the base radius.
Considering his case of Me = 0 (or co = 1.0), Eq. (6) gives
the velocity distribution shown on Fig. 4. Clearly, u* is
essentially zero for y(ue/xv)1/2 > 15. Since cos/3 is near 1.0,
it follows from Eq. (11) that r must be of the order of 10 be-
fore the outer boundary condition is substantially influenced.
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Fig. 4 Velocity profile in the physical coordinate (co = 1.0).
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Creep and Relaxation

R. L. TAYLOR*
University of California, Berkeley, Calif.

IN performing analyses in viscoelasticity, it is often neces-
sary to convert a known relaxation modulus E(t) to its

associated creep compliance J(t) and vice versa. Hopkins
and Hamming1 have presented a step-by-step numerical in-
tegration method for obtaining one material function when
the other is known. In their computations, the interrela-
tionship between E(t) and J(t) is taken in the form

E(t - t') J(tf) dt' = t H(t) (D

where H(t) is the Heaviside unit step function. The role of
E(t) and J(t) may be interchanged in (1). Utilizing this
form of the interconversion, it is necessary to define the in-
tegral of one of the functions in order to perform the numeri-
cal integration. If the interrelationship between E(t) and
J(t) is taken in the alternative form

(2)W - t') 7 dt' = H(f)

numerical integration may be performed without introducing
the integral of one of the functions. To this end; the dis-
continuity term in (2) is removed, and (2) is integrated by
parts, yielding

J(t) 7(t')
dE(t - t')

dt' dt' = 1 (3)

Using the step-by-step integration procedure proposed by Lee
and Rogers,2 Eq. (3) may be solved for J(tn), where tn cor-
responds to the present time t. As before, if it is desired to
determine E(t) from a known J(t), the role of E and 7 may
be interchanged in (3). As stated in Ref. 2, an advantage is
gained by using this form of the material property interrela-
tionship since the form of the time step becomes arbitrary
and may be logarithmic, constant, etc.

If secondary creep exists in J(t), the convergence require-
ments for numerical integration may break down, and the
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solution may become unstable. To circumvent this dif-
ficulty, the secondary creep is removed by defining

= S(t) + Rt (4)

where 7(0) = £(0) and# = J"(»). A ( ' ) denotes differentia-
tion with respect to time. Thus, in (4), S(t) is now a bounded
function for all time. Substitution of (4) into (3) yields, after
simplification,

8(0 E(0) - S(t') dt'=l-R dt'

(5)

The constant R, i.e., 7(°°), may be evaluated by integrating
the left-hand side of (5) by parts and taking the limit as t goes
to infinity. Upon noting that, for secondary creep to be
present, E(oo) is zero, and by the definition of S(t), S(°°) is
zero, the integral term may be shown to vanish, and

R = 1 dt (6)

Care must be exercised in using (6) as it is valid only if the
secondary creep is present; otherwise, R is identically zero.

Step-by-step numerical integration of (5) by the scheme
proposed in Ref. 2 yields

= 1 - R F(tn)
[E(tn- 0 -

where

F(Q = JQ
% E(t') dt'

For t = 0 and t = th

£(0) = 7(0) = 1/#(0)

and
0/,, 5(0) [3tf(0) -E(U}} -2R,

(7)

(8)

(9)

Finally, the creep compliance is computed from (4) as follows:

J(tn) = S(tn) + Rtn (10)

If no secondary creep exists, all terms multiplied by R vanish,
and S(tn) is identically equal to J(tn).

As an example, the creep compliance is calculated from (7)
for a material whose relaxation function is given by

This relaxation function results from a problem defined in
Refs. 3 and 4, and in Sec. 12 of Ref. 5 The numerical inver-
sion is accomplished by direct inversion without removing the
secondary creep and by the modified procedure presented
herein. Constant logarithmic steps of 0.05 were used for
both inversions. The results are shown in Fig. 1. The
results are compared to the exact solution obtained from
Ref. 4. As is seen from Fig. 1, direct numerical inversion
yields results that are considerably in error from the exact
solution, whereas the modified solution obtained by first re-
moving the secondary creep agrees very well when compared
to the exact solution (for the scale used in Fig. 1, no difference
is visible).

This note has presented a numerical method for determining
the creep compliance (when secondary creep is present)
from its associated relaxation modulus. The numerical
example presented indicates the error that can result from a
direct inversion without first removing the secondary creep,


